We study, in the framework of open quantum systems, the time evolution of a circularly accelerated two-level atom coupled in the multipolar scheme to a bath of fluctuating vacuum electromagnetic fields. We find that both the spontaneous transition rates and the geometric phase for a circularly accelerated atom do not exhibit a clear sign of thermal radiation characterized by the Planckian factor in contrast to the linear acceleration case. The spontaneous transition rates and effective temperature of the atom are examined in detail in the ultrarelativistic limit and are shown to be always larger than those in the linear acceleration case with the same proper acceleration.
I. INTRODUCTION
Unruh showed, using a model particle detector, that for a uniformly accelerated observer, the Minkowski vacuum is seen to be equivalent to a thermal bath of Rindler particles at a temperature T U = a/2π [1] , where a is the observer's proper acceleration. Since then, the Unruh effect has been extensively studied in various contexts, such as proton decay [2] [3] [4] , the bremsstrahlung effect associated with point charges [5, 6] , quantum entanglement [7, 8] , and the spontaneous excitation of accelerated atoms coupled to scalar [9] [10] [11] , electromagnetic [12, 13] and Dirac fields [14] . Recently, the geometric phase, which is first studied by Berry [15] for the adiabatic evolution of a closed system and then extended to open systems by others [16] [17] [18] [19] [20] , was proposed to be utilized to detect the Unruh effect at lower accelerations first by Martin-Martinez et al. [21] and then by us in a more realistic situation [22] . At this point, let us note that the geometric phase of an open quantum system undergoing nonunitary evolution has recently been studied experimentally by measuring the decoherence factor of the off-diagonal elements of the reduced density matrix of the system [23] .
Let us note that the Unruh effect is usually concerned with linearly accelerated observers.
However, it is also interesting to study the case of observers in uniform circular motion, since the very large acceleration which is required to make the Unruh effect experimentally observable is easier to achieve in circular motion. In 1980, Letaw and Pfautch investigated the quantization of scalar fields in rotating coordinates [24] . Soon afterward, the response of a circularly moving Unruh-DeWitt detector coupled to scalar fields was studied in Refs. [25] and [26] . It was first pointed out by Bell and Leinaas in Ref. [27] that circulating electrons in an external magnetic field can be utilized as two-level detectors to reveal the relation between acceleration and temperature. The population of the electron's energy state is modified by the centripetal acceleration, which leads to the change of polarization of the electrons [27] [28] [29] [30] [31] [32] [33] . The effect of the fluctuations of the circulating electrons in vertical direction has been examined by further studies [30, 33] . By using the formalism developed by Dalibard, DupontRoc and Cohen-Tannoudji(DDC), the contributions of vacuum fluctuations and radiation reaction to the spontaneous excitation of a circularly accelerated two-level system coupled to vacuum scalar fields in analogy with the electric dipole interaction has been studied in Ref. [11] .
In this paper, by treating a two-level atom as an open quantum system in a bath of fluctuating electromagnetic fields as opposed to scalar fields [11] in vacuum , we plan to study the time evolution of a circularly accelerated two-level system coupled to all vacuum modes of electromagnetic fields in a realistic multipolar coupling scheme [34] . We calculate the spontaneous transition rates and the geometric phase of the atom and compare the results with those for the linear acceleration [13, 22] and the case of a thermal bath.
II. THE MASTER EQUATION
The total Hamiltonian of the system consisting of a circularly accelerated two-level system coupled to fluctuating vacuum electromagnetic fields is given by 
where e is the electron electric charge, e r is the atomic electric dipole moment, and E(x) denotes the electric field strength.
We let ρ tot = ρ(0) ⊗ |0 0| be the initial total density matrix of the system. Here ρ(0) is the initial reduced density matrix of the atom, and |0 is the vacuum state of the field. In the frame of the atom, the evolution of the total density matrix ρ tot in the proper time τ
We assume that the interaction between the atom and field is weak. So, the evolution of the reduced density matrix ρ(τ ) can be written in the Kossakowski-Lindblad form [35, 36] 
where
The coefficients of the Kossakowski matrix a ij can be expressed as
with
We introduce the two-point correlation function for electromagnetic fields as 
Here, |+ , |− denote the excited state and ground state of the atom respectively. The
Fourier and Hilbert transforms of the field correlation functions, G(λ) and K(λ), are defined as follows
By absorbing the Lamb shift term, the effective Hamiltonian H eff can written as
Assuming that the initial state of the atom is |ψ(0) = cos
|− , we obtain the time-dependent reduced density matrix:
III. TRANSITION RATES AND EFFECTIVE TEMPERATURE OF CIRCU-LARLY ACCELERATED ATOMS
With the time-dependent reduced density matrix given, we can study the time evolution of atom observables. For an arbitrary Hermitian operator O that describes an observable of the atom, the evolution in time of its mean value can be expressed as
If we let the Hermitian operator O be an admissible atomic state ρ f , then Eq. (11) gives the transition probability P i→f from an initial atom state ρ(0) ≡ ρ i to the expected state ρ f .
If ρ i is the density matrix of the ground state with the polar angle in Bloch sphere θ = π, and ρ f is the excited state θ = 0, then, with the help of Eq. (10), we have
As a result, the spontaneous excitation rate Γ ↑ , which corresponds to the transition probability per unit time at τ = 0 is
Similarly, we have
and
for the spontaneous emission rate.
Let us now calculate the spontaneous transition rates of a circularly accelerated two-level atom. The trajectory of the atom can be described as
Here R denotes the radius of the orbit, v is the velocity of the atom, and γ = 1/ 1 − v 2 /c 2 is the usual Lorentz factor. The centripetal acceleration in the frame of the atom is a =
In order to obtain the transition rates, we need the field correlation functions, which can be found from the following two-point functions of the electric field
Applying the trajectory of the atom (17), one can easily obtain the field correlation function in the frame of the atom
which can be alternatively written as
Here terms of all orders of ∆τ are kept in Eq. (21) . As is hard to find the explicit form of G(ω 0 ) and G(−ω 0 ), we now consider the ultrarelativistic limit γ ≫ 1 [27] , in which
Then, the Fourier transform of the field correlation function, which corresponds to the spontaneous emission rate, is given by
Similarly, the spontaneous excitation rate is given by
So, unlike inertial atoms, circularly accelerated atoms in their ground state will be spontaneously excited. Unlike the linear acceleration case [13] , the terms proportional to the Planckian factor are replaced by those proportional to an exponential term. This indicates that the radiation perceived by a circularly accelerated observer is not thermal. For
though the leading part of the spontaneous decay rate in the present case and the linear acceleration case [13] are same, the spontaneous excitation rate in these cases are different in this low acceleration limit. With the help of Eqs. (23) and Eq. (24), we plot the relative transition rate Γ = Γ ↑ /Γ ↓ as a function of the acceleration of the atom in Fig. (1) in comparison with the linear acceleration case [13] . We find that the relative transition rate in the circular acceleration case is always larger than that in the linear acceleration case. After evolving for a sufficiently long period of time τ ≫ 1/(4A), the atom will be driven to a steady state, which is independent of the initial atomic state, and the density matrix (10) then becomes
Let us note that an effective temperature for two-level atoms can be defined in terms of the relative transition rate as
Here k B denotes the Boltzmann constant. In the limit
and the effective temperature can be simplified as
, which is higher by a factor
than the Unruh temperature for the linear acceleration.
IV. GEOMETRIC PHASE OF THE CIRCULARLY ACCELERATED ATOM
The circularly accelerated atom which couples to fluctuating vacuum electromagnetic fields evolves nonunitarily and acquires a geometric phase during its evolution. Here we calculate this geometric phase. For this purpose, let us note that the geometric phase for a mixed state under nonunitary evolution is given by [19] 
where λ k (τ ) and |φ k (τ ) are the eigenvalues and eigenvectors of the reduced density matrix ρ(τ ). In order to get the geometric phase, we first need to calculate the eigenvalues of the density matrix (10)
where η = ρ So, the contribution comes only from the eigenvector corresponding to λ +
Then the geometric phase can be calculated directly using Eq. (28) as
where Q = B/A. It is clear that for θ = 0 and θ = π, which correspond to an initial excited state and a ground state respectively, the geometric phase equals zero. We let
0 /3πε 0 c 3 , which is the spontaneous emission rate of an inertial atom in the Minkowski vacuum. As is shown in Ref. [22] , for small γ 0 /ω 0 , we can expand Φ g for a single quasi-cycle to the first order as
When θ = π 2
, the initial state of the atom is |ψ(0) = (|+ + |− )/ √ 2, and the geometric phase can be simplified to
which depends only on the parameter B. Let us now calculate the geometric phase of a circularly accelerated two-level atom. In order to calculate the geometric phase, we need to compute the coefficients A, B defined in Eq. (6) 
which is the same as that in the linear acceleration case [22] . This means that for an initial state of the atom with θ = π/2 the geometric phase for the circularly accelerated atom is the same as that for the linearly accelerated one with same acceleration. As for an arbitrary initial atomic state, the coefficient A is also needed for the calculation of the geometric phase.
However, it is hard to find the explicit form of A, so we now consider the ultrarelativistic limit γ ≫ 1 [27] . According to Eq. (23) and Eq. (24), the coefficients of the Kossakowski matrix a ij can be written as
and the effective level spacing of the atom as
Now the geometric phase can be obtained after applying Eq. (36):
Here the first term −π(1 −cos θ) is the well known geometric phase for a closed system under unitary evolution, and the second term is a correction caused by the interaction between the accelerated atom and the environment. The correction to the geometric phase purely due to the circular motion can be found by subtracting the contribution of the inertial part Φ From the result above, we can see that the geometric phase purely due to the circular acceleration of the atom is determined by the acceleration a and the properties of the atom, which consist of the transition frequency ω 0 , the spontaneous emission rate γ 0 , and the initial state of the atom characterized by θ. Here the first term is same as that of the linear acceleration case [22] and it becomes dominant when a cω 0 ≪ 1 for both the present case and the linear acceleration case. However, unlike the linear acceleration case, the second term is not proportional to the Planckian factor. As a result, a circularly accelerated atom does not feel a thermal radiation as a linearly accelerated one in terms of the geometric phase acquired. In other words, we do not see a clear sign of thermal radiation characterized by the Planckian factor in the expression of the geometric phase. As has already been pointed out, for atomic states with θ = 0 and θ = π, the geometric phase becomes zero, whereas for θ = π/2, both linear and circular acceleration lead to the same geometric phase acquired.
Let us also note here that, for the case of a thermal bath [37] , the temperature induced phase correction is
which vanishes for the initial state with θ = π/2. Therefore, the phase correction is significantly different for the accelerated cases and the thermal case when θ = π/2. For a general initial atomic state with θ ∈ (0, 
Therefore, for large acceleration, the leading terms of the phase for the linear and circular acceleration cases are proportional to a 3 ω 3 0 c 3 , which are much larger than that of the thermal case which is proportional to a ω 0 c . In this limit, the geometric phase in circular acceleration case is larger than that in the linear acceleration case by a factor 
V. CONCLUSION
In summary, we have calculated the spontaneous transition rates and the geometric phase of a circularly accelerated two-level atom which is in interaction with a bath of fluctuating quantum electromagnetic fields in vacuum. We find that both the spontaneous transition rates and the geometric phase for a circularly accelerated atom do not exhibit a clear sign of thermal radiation characterized by the Planckian factor in contrast to the linear acceleration case [22] . The relative spontaneous transition rates are calculated in the ultrarelativistic limit, and it has been found that the atom will be spontaneously excited and the relative transition rate in the present case is always larger than that in the linear acceleration case [13] with the same acceleration. The geometric phase is found to be dependent crucially on the initial state of the atom. If the initial state is the ground or excited state, then no geometric phase will be acquired by the atom no matter if it is in linear acceleration or circular motion;
whereas, if the initial state is a superposition of the ground and excited states with a polar angle θ in Bloch sphere, then when θ equals π/2, the geometric phases acquired in linear acceleration and in circular motion will be same. But, for a generic state of the atom with
, π), we demonstrate in the ultrarelativistic limit that the geometric phase acquired for the atom in circular motion is always larger than that in linear acceleration with the same proper acceleration.
